Many-body Interactions and classical
symmetry-broken magnetism



Learning outcomes

* Understand the origin of magnetism

* |dentify the classical ground state of simple
Interacting Hamiltonians

* Rationalize how magnetic states emerge from
Interacting fermionic Hamiltonians



Different kinds of Hamiltonians

Single particle Hamiltonians H=) tf,;jcjcj
Insulators, semiconductors, metals
- _ o
Many-body Hamiltonian H = Zijkl Vijkic,cicpc

Classical and quantum magnets, charge density waves, superconductors

With second guantization, both cases can be treated on the same footing
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Let us consider a finite size fermionic system H
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Finite size effects In quantum

Hamiltonian

H=) _ 1Lcncn+1+hc

60

The density of states

D(w)

= Tr[d(w

— )]

DOS



Electronic interactions in quantum systems

Electronic interactions are responsible for symmetry breaking

Broken Broken
time-reversal symmetry crystal symmetry
Classical magnets Charge density wave
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Fundamentals of second quantization

Define operators that can create or destroy particles

C’l: Annihilation operator, destroys a particle in site i

C’I: Creation operator, creates a particle in site i

The empty vacuum state ‘ Q) is defined as C’L ‘ Q> — O

The Hamiltonian is written in terms of creation and annihilation operators

H = cgcl + h.c.



Fundamentals of second quantization

Lets see some examples using the two-levels presented before

> The “vacuum” state

One particle in level #0

One particle in level #1

Two particles in level #0 & #1




Fermionic guantum statistics In

second guantization

Fermi-Dirac statistics for electrons

— Wavefunctions are antisymmetric with respect to interchanging labels
— There can only be 0 or 1 fermion per level

T _ T _ RPN
{cis¢i} = cicj +cje; = 0y {C’MC]}_O
Anti-symmetric wavefunction C(T)CJ{ Q>

—cjeh|)
0

At most one fermion per site C(Jg C(]; Q>



Three types of many-body sites

Spinful fermions Spinless fermions Spins

OO> fully empty
> empty

O*> down electron
1 > filled
T

@O

O)
¢> fully filled



Many-body interactions

and emeraent states

Some quantum states can be approximately described by mean field theories
_E:..T. E:..T.T
H = tijc,cj + Vijkic; cjccr
1] ijkl

Magnets Charge density waves
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Interactions and mean field

Free Hamiltonian Interactions
T
H = E tmczcj + E Vwklc C;jCyp.C
1) 17kl

What are these interactions coming from?

* Electrostatic (repulsive) interactions

* Mediated by other quasiparticles (phonons, magnons, plasmons,...)
The net effective interaction can be attractive or repulsive

Magnetism is promoted by repulsive interactions




A spinful interacting Hamiltonian

Free Hamiltonian Interactions
(Hubbard term)
__ T T T T
H =) tijlchejr +cliej] + ) Uchene] e

How can we solve this many-body Hamiltonian in an approximate way?

Is there an effective single particle Hamiltonian that describes the same ground state?

Hyp = Y5 tilehcsr + el ei] + 3 a0 Xijss €lsCys



The mean-field approximation

Mean field: Approximate four fermions by two fermions times expectation values

Four fermions Two fermions
(not exactly solvable) (exactly solvable)

Ucl.LTcﬁcjicﬂ ~ U(c;.rTcﬁ)cl.Licu + ...+ h.c.

UCITC”C,LCQ ~ MU?S/CI’SCi,S/ + h.c.

Magnetic order

For U > 0 + +
i.e. repulsive interactions M~ <CiTCiT> _ <Cz’¢6i¢>



The mean-field approximation

The non-collinear mean-field Hamiltonian

UCLTCnTCL¢Cn¢ ~ Mﬁ‘ag‘s,cT Cn s + h.c.

n,s
Non-collinear magnetic order

My ~ <CL¢CM> — <C;¢Cn¢>

M, ~ <CIL¢Cm> + <CL¢CnT>

My ~ i<CLTCn¢> - i<CL¢CnT>



The mean-field approximation

The mean-field approximation is equivalent to finding a variational wavefunction of the form

GS) =11, ¥iI192)
\ W; — Zn on,nc;[b

Such that it minimizes the expectation value of the energy

_ oE __ 5E
= (GS|H|GS) Sx 0 Sty 0

This assumption leads to a selfconsistent problem for the mean-field Hamiltonian

HM

(1) <CZCj>(1) H(Q) <CTCJ>(2) — H(S) — ...



Solving the interacting model

at the mean-field level in a 1D chain

We will take the interacting model and solve it at the mean field level
T T T
H = Zzg tz][ zTCJT T chji] + Z UC@TCZTCQC’N + H Zz S CZSCZS

Filling 0.2 (full would be 1)
Interaction-induced splitting
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Solving the interacting model

at the mean-field level in a 1D chain

Let us do again a 1D, but now with 2 sites per unit cell and at half filling
H =130 ChsCntts +he + U, (CL,T%T - %> (CL@CW N %)
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Interaction-induced gap opening

DOS [arb. units]
(

0 1 2 3 4 ~2 0 2
Hubbard U Energy



Competing magnetic solutions

Let us now consider two selfconsistent solutions for the interacting model

Antiferromagnetic guess

Ferromagnetic guess
V

Energy
o

Energy
o

-2
m

Momentum

ittt

Only once of them is the true ground state, but which one it is?




Competing magnetic solutions

Let us now compute the energy difference between the two configurations
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For strong interactions, the AF configuration always has lower energy



The strongly localized limit
and the Heisenberg model



From a weak magnet to

the strongly localized limit
H = th cJT—i—c CN —|—ZUC CzTCT¢Cz¢

For large interaction strength, the system develops a local quantized magnetic moment
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The strongly localized limit

Let us start with a Hubbard model dimer

H =t chm + Cg¢01¢] + Z UCITCiTCI¢Ci¢ + h.c.
i

0 1

Now in the limit U >> t Levels I ]

The full Hilbert space at half filling is

4t -t —3
+4 1+ H—



The strongly localized limit

Let us start with a Hubbard model dimer

H = t[chcn + Cg¢01¢] + Z UCITC’@TCI¢C73¢ + h.c.
i

The energies in the strongly localized limit are U >

~ () ~ U



The strongly localized limit

Let us start with a Hubbard model dimer

H =t chlT + Cg¢01¢] + Z UCITC’@TCI¢C73¢ + h.c.

S S S
+4+

Just one electron in each site for U >> t

The low energy manifold is

Local S=1/2 at each site



The strongly localized limit

— —
Effective Heisenberg model in the localized limit H — JS() . Sl

We can compute J using second order perturbation theory

H=Hy+YV

_ T T
HO — Z UCiTCiTCiicii V — t[CchlT —+ Cg¢61¢]—|—hc

“pristine” Hamiltonian “perturbation” Hamiltonian
(Hubbard) (hopping)



The strongly localized limit

— —
Effective Heisenberg model in the localized limit H — JS() . Sl

We can compute J using second order perturbation theory

H=Hy+V

Ground state Virtual state

e A —t



The Heisenberg model

For a generic Hamiltonian in a generic lattice
_ PN T T T
H = E , tijleircir + ¢ el + ) Ucicipe ciy
19 )
In the strongly correlated (half-filled) limit we obtain a Heisenberg model

_ d..d. tiil?



The Heisenberg model

Non-Hubbard (multiorbital) models also yield effective Heisenberg models
H=> J;Si-S
J J
1]
In those generic cases, the exchange couplings can be positive or negative

Jij >0 Jz'j<0

Antiferromagnetic coupling Ferromagnetic coupling

Spin-orbit coupling introduces anisotropic couplings H = E Jf‘jﬁsg Sjﬁ
]



The Heisenberg model

Jij>0 Jij<0

Antiferromagnetic coupling Ferromagnetic coupling

o ¢ o0

Classical ground states




Antiferromagnetism driven by

superexchange

lattice In the honeycomb lattice

()

’ TETEY:
7 40 8 4 47 4o 4

¢ afiplinls

H = Z tijc;-r,scj,s + Z UCITCiTC;'r¢Ci¢ + h.c.
ij,s i

In bipartite lattices, the magnetization is collinear



Antiferromagnetism driven by

superexchange

In the Kagome lattice In the triangular lattice
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H = Z tijczjscj,s + Z UCITC,L'TCQCQ + h.c.
ij,s i

Geometric frustration promotes non-collinear order at the mean-field level



Non-isotropic exchange coupling

In the presence of spin-orbit coupling, new terms can appear in the Hamiltonian

Antisymmetric exchange Anisotropic exchange Kitaev interaction

(tir X T1y) - S; X S; 5757 Sf‘(i)S?(j)

~—o

Promotes Promotes Promotes
non-collinear order easy axis/plane frustration




Beyond local-interactions

Non-local interactions also lead to many-body correlated states

Let us take a spinless model with first neighbor repulsion

H = th CILCTL—I—l + h.c. + Vzn (CILCTL — %) (C]/Lz—l—lcn‘Fl o %)

Two limits
V =0 V>t
Non-interacting limit Strongly interacting
0 00 00 —-O—0—0O0—0—0
(cle,) =1/2 (clc,) = 0,1

Featureless metal Charge density wave



The impact of non-local interactions
In the electronic spectra

)

6 i 2 5 4 2 0 2 4
Interaction V Energy



Interaction induced

charge density wave

H = Zn c;[Lanrl + h.c. + Vzn (Cr};cn — %) (CL+1cn+1 R %)

Charge imbalance VS interaction
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The breakdown
of mean-field



The limitations of mean-field theory

The true ground state of the Hubbard model in 1D does not break time-reversal symmetry
1 T 1
— tZ s, nscn—l-l s T h.c. + UZ ( ,TCTLT o §) (Cn,icnai o §)

But the mean-field Hamiltonian by construction breaks time reversal symmetry

z T
p— tzs n n SCn.I.l)s —I_ h.C. —I_ Z’L M?:O-S,S/C?:,Sciysl

What is the origin of this limitation, and how can we overcome it?



The Hubbard dimer

n

Let us consider a Hubbard dimer H = tCLSCQ,S +he +US (CL,TCWT — %) ((:Jr Gl — %)

Gap VS interaction Lo Magnetization VS interaction
8 0.8
6 0.6
2. "
O n

Symmetry breaking




The entangled ground state

of the Helsenberg dimer

Let us now take the Hubbard dimer in the strongly interacting limit

H=tc] o5 +he+UY, (CL,TCn,T - %) (Cjz,fnai - %)

For {J/ >> { we obtain the Heisenberg model

H =JS; - S,

Mean field ground state True ground state

Uy =11) 1
Ws) == ([41) = [11)
Uy) = | 1) R

Mean-field cannot describe a strongly localized limit featuring entanglement
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