Quantum many-body fermionic
Hamiltonians



Learning outcomes

* Understand the difference between single
particle and many-body fermionic systems

* Rationalize the meaning of expectation values
In an interacting fermionic model

* |dentify phase transitions in interacting
fermionic models



From single particle
to many-body fermions



The fermionic many-body dimer

Let us take a minimal interacting fermionic Hamiltonian with 2 sites
H = cgcl + CICO + chcocicl

The different many-body states are

‘ Q> — > The “vacuum” state
Czr) Q> — ® > One particle in level #0
CJ{ Q> — |@® > One particle in level #1
Cg C'{ Q> — '. > Two particles in level #0 & #1




The fermionic many-body dimer

Let us take a minimal interacting fermionic Hamiltonian with 3 sites

H=>_ clcpi1 +he. +V > c};cncilﬂcnﬂ

The different many-body states are
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The fermionic quantum

-body problem
For a fermionic many-body problem with L sites
H=) clcpi1 +he. +V > cilcncLJrlanrl

The dimension of the
single particle space grows as

The dimension of the
full Hilbert space grows as

d = 2% d= L
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The fermionic quantum

-body problem

For an interacting fermionic many-body problem

H=) clcpi1 +he. +V > CILCnCL_|_1Cn_|_1

A typical wavefunction is written as

‘\Ij> — Z Cnyi,na,...,nr ’nlv n2, nL>

We need to determine in total 2L coefficients

The Hamiltonian is a 2L X 2L matrix



Fermionic sites and spins

OO> fully empty

O¢> down electron

o>
¢> fully filled

Spinless fermions

@O

> empty
> filled




Understanding the
fermionic many-body
spectra



Energies of a many-body

fermionic model

Let us take a fermionic model H = Zn C;[LCn+1 + h.c.+V Zn CILCnCIL—I—lcn+1
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Quantum phase transition in a

spinless fermionic model

Let us look at a minimal interacting fermionic model

H =Y, clonp+he.+ VY, (chen —3) (chirenrs — 1)

Two limiting cases

V =0 V — o0
Non-interacting chain (metal) Charge density wave (insulator)

How can we observe such a phase transition?



From single particle

to correlated fermions

Let us look at a minimal interacting fermionic model

H=%_ CLCnH +he.+V) (chn — %) (CL_|_1Cn_|_1 — %)
L =12
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The chemical potential

H=> cecpp1+he+VY (chen—3) (CLJrlan — %) +ud clen

Kinetic energy Interaction Chemical
potential
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The occupation number

H=> cecpp1+he+VY (chen—3) (CLJrlan — %) +ud clen

Kinetic energy Interaction Chemical
potential
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The occupation number

H=> cecpp1+he+VY (chen—3) (chlanrl _

Kinetic energy
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Electronic density as a function of

the chemical potential

H=> cecpp1+he+VY (chen—3) (cj,LJrlan — %) +ud clen
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The many-body
Hubbard model



The Hubbard model

_tan ’rLSCTH‘lS_'_hC +UZ ( ,Tch_%) (CL,¢CTL,¢_%)
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The Hubbard model, guantum and

classical solution

=ty n n sCnt+1,stHhc+UY ( Cpo +Cnt — 1) (Cl,ﬁn,i — %)+Zn,s,$/(—1)”JAFU o C;[L SCL o
Kinetic energy Many-body interaction Mean-field stagger
magnetization
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The magnetization of the

Hubbard dimer

We can now add an external field to split the many-body levels

_tz M nscn+1 8+hC+UZ (TLTC”T 1) (CL,¢CH,¢_%)+BZZ7"LSS %O-SSC]L sCn,s
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The many-body gap
In the Hubbard model




Particle-particle correlators

The non-local static particle-particle allows probing if a system is a
metal or an insulator

Xij = (cj¢;)

Two different types of decays are possible in the correlator

Xij ~ 1/’7“2 — ’I"j Xz'j ~ 6—)\|7“¢—7“j

Metal Insulator



Particle correlators

In the Hubbard model

The particle-particle correlators reflect how metallic a system is

Xij = (cle;)
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Spin fluctuations In

the Hubbard model

For a generic Hamiltonian in a generic lattice
_ T T T T
H = E , tijleircir + ¢ el + ) Ucicipe ciy
1] 1
In the strongly correlated (half-filled) limit we obtain a Heisenberg model
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Spin-spin correlators

In the Hubbard model

The spin-spin correlator reflects the magnetic fluctuations of the system

=ij = (S} S57)

(SoSn)
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Dynamical correlators

for spinful fermions

The many-body excitations of a fermionic Hamiltonian can be
characterized by the dynamical correlator

The dynamical spin correlator (spin-excitations)
- Z
A(w) = (GS|S?6(w — H + Ecg)S?|GS)
The dynamical particle correlator (charge-excitations)

D(w) = (GS|en16(w — H + Egs)c) +|GS)

The spectral function above signal excited states that have one
more spin excitation than the ground state

0(w—H + Egs) = |a)(a|d(w — Fy + Egs)



Dynamical correlators of

the Hubbard model
_tzsn nscn—l—ls + h.c. —I_UZ ( Cp4Cn,t — %) (C;)¢6n7¢ B %)

Charge correlator [/ = 6t Spin correlator [/ = 0

D(w)
A(w)
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Dynamical correlators of

the Hubbard model
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