Quantum many-body spin Hamiltonians



Learning outcomes

e Understand the difference between classical
and quantum magnetism

* Rationalize the meaning of expectation values
INn a quantum magnet

* |dentify phase transitions In quantum magnets



From classical to
guantum magnetism



The Ising dimer

What is the ground state of this Hamiltonian

- Z Qz
H = 257
The Hamiltonian has two ground states (related by time-reversal symmetry)

G51) = [T GS2) = [ 1)

Each ground state breaks time-reversal symmetry

A symmetry broken antiferromagnet is a macroscopic version of this



The quantum Heisenberg dimer

What is the ground state of this quantum Hamiltonian?
H =505

The ground state is unique, and does not break time-reversal

—

GS)= L[ 1)~ ] Bh=0

The state is maximally entangled

How does this generalize to a macroscopic system?



The guantum many-body problem

Let us go back to a simple many-body problem H = g Jij S@ . Sj
)

And let us imagine that we have L different sites on our system and S=1/2
For example, for L=2 sites the elements of the basis are

Tt T D

For L=3 sites the elements of the basis are

T T TN T
) T TN T



The guantum many-body problem

Let us go back to a simple many-body problem H = g Jij S@ . Sj
)

And let us imagine that we have L different sites on our system and S=1/2

For L=4 sites, the elements of the basis are
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The guantum many-body problem

Let us go back to a simple many-body problem H = E Jij S@ . Sj
1)

And let us imagine that we have L different sites on our system and S=1/2

The dimension of the Hilbert space grows as

d = 2%



The guantum many-body problem

Let us go back to a simple many-body problem H = E Jij S@ . Sj
1)

A typical wavefunction is written as

‘\Ij> — Z Cs1,82,...,5L |817 52, “'SL>

We need to determine in total 2L coefficients

The Hamiltonian is a 2L X 2L matrix



Understanding the
many-body spectra



Energies of a many-body model

Let us take a Heisenberg model ~ J{ — Zn §n : §n+1
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From classical to guantum

maagnetism

Let us take a modified Heisenberg model

H = Zn Ja:ysﬁsﬁqtl + Ja SnthL + 55 1

For J;,, = 0 we have an Ising model

H Zn n n+1
For ny — 1 we have a Heisenberg model

H — Zn gn . §n+1



From classical to guantum

maagnetism

Let us take a modified Heisenberg model
_ r QX Yy QY z Qz
H = Zn nySnSn—l—l - JﬂUySnSn—l—l T n™~n-+1
Ising model Heisenberg model

Two ground states One ground state
Transition at
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From classical to guantum

maagnetism

Let us take a modified Heisenberg model

H=)_, JoySpOni1 T JwyS%S;gLH + OnOn+1
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A minimal qguantum magnet

Let us start by taking the Heisenberg dimer

H=25,-5 S=1/2
We can define a collective spin as
L=2Sy+5
So that the Hamiltonian takes the form
H~L-L~U(+1) L=0,1

[ = 0 singlet [ = 1 triplet



Energies of a many-body model

Let us look how the energies depend on the external magnetic field

H=Y 8, -Su1+B.> S
L =2
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Magnetic field



Energies of a many-body model

Let us look how the energies depend on the external magnetic field

L =2
Sl it AL =1
5 3 1T,0) = 75 (110 + [ 41)
- \ I 15) = % (| T = [4D)
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Magnetic field



Energies of a many-body model
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Excitation energies and

maagnetization

Let us now consider a system with L=10 ~ H =) §n : §n+1 + B>, S
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Ground state of a many-body model

Let us look how the ground state depends on the external magnetic field

H:Zn§n§n+1+3zzn5ﬁ
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Dynamical spin correlators

The many-body excitations of spin Hamiltonian can be
characterized by the dynamical spin correlator

A(w) = (GS|S?6(w — H + Ecs)S?|GS)

The spectral function above signal excited states that have one
more spin excitation than the ground state

0(w—H + Fgg) = |a){(a|d(w — Ey + Egs)



Dynamical correlator of the
Heisenberg model

Lets look at the Heisenberg model with S =1/2 H = Zn Sn - Snit
L =6

3




Dynamical correlator of the
Heisenberg model

Lets look at the Heisenberg model with ,§' — ] H = Zn Sn . Sn—|—1
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Two types of spin chains

Let us consider two different types of many-body spin chains

Uniform exchange coupling H = Zn Sn y Sn_|_1

000090

Dimerized coupling 1 -+ 5

o0 .—.




Pristine and dimerized chains

—e— Pristine
1.5 Dimerized
A(L) ~ AO -+ A1€_>\L
© 1.0
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Response of a guantum magnet

to a magnetic impurit

Quantum chain with a local field ‘

Uniform chain Dimerized chain
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Non-local static correlators

The non-local static correlator allows probing how the many-body
wavefunction is entangled between different regions of the system

xij = (Si - ;) — (S) - (S;)

For a product state, the correlator above is zero

Two different types of decays are possible in the correlator
Xij ™ 1/’7“2 — Ty Xij ~ 6—)\|7“7;—7°j|

Gapless spectrum Gapped spectrum



Non-local static correlators

The non-local static correlator allows probing how the many-body
wavefunction is entangled between different regions of the system

6=0.2 - 6=04
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Quasiparticles In qguantum
NEGNREIS



Quasiparticles in a guantum magnet

Let us assume that a certain Hamiltonian realizes a quantum magnet
H = E JijSi - S
]

Quantum magnets have a ground state <SZ> =0

We will make an approximate algebraic replacement to transform a
guantum many body Hamiltonian into an effective single particle one



The parton transformation

Transform spin operators to auxiliary fermions (Abrikosov fermions)

1
S = 508w filfiw

The fermions f (spinons) have S=1/2 but no charge

This transformation artificially enlarges the Hilbert space, thus we have to put the constraint
} : T _
f’I;,Sfi7S T 1
S

This transformation allow to turn a spin Hamiltonian into a fermionic Hamiltonian



The spinon Hamiltonian

. . : o o T
We can insert the auxiliary fermions .S ~ Us’sffijsfz,sf

And perform a mean-field in the auxiliary fermions (spinons)

H:Zngzgj > H:ZXijfiT,sfjaS
1

17,8
_)

Enforcing time-reversal symmetry <Sz> = (

The excitations of the quantum magnet are described by
a single particle spinon Hamiltonian



Spinon dispersions

Gapless spinons Gapped spinons Dirac spinons
H = E fTTL,an‘|‘1aS -+ h.c.

,S

S



Spinon dispersions in a chain

Uniform exchange coupling H = Zn Sn y Sn_|_1

00009

Gapless spinons H. = E fg,,sfn—kl,s + h.c.
mn,s

Dimerized coupling H = Zn(l + 5(—1)n)§n - §n+1
o0 060 00

Gapped spinons  H — Z(l + 7(_1)n)f7]:,sfn-|-178 + h.c.

n,s
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